Here we consider a class of non-linear heat equation with polynomial non-linearity. We prove a non-uniqueness result for mild solutions which take values in a critical Lebesgue space. To this end we extend to the entire space a counterexample of Ni and Sacks in the case where the underlying space is the ball of center 0 and of radius 1. We also propose a new criterion of uniqueness optimal with respect to the given counter-examples. The proof of our results lie on some estimates for the heat kernel in Lorentz spaces introduced by Meyer in the Navier-Stokes context.
INTRODUCTION
In this paper we study a particular class of weak solutions for the non-linear heat equation We are concerned with the Cauchy problem defined by uð0Þ ¼ u 0 2 L p ðR n Þ and with the existence and uniqueness of mild solutions.
Definition 0.2.
[Mild solution] Let T > 0 and u 0 2 L p ðR n Þ, p ! 1. A mild solution of (1) on ½0, T determined by the initial data u 0 is a weak solution which belongs to C ½0, T, L p ðR n Þ ð Þand such that uð0Þ ¼ u 0 .
We remark that if uðt, xÞ is a solution of (1), then so is 2= uð 2 t, xÞ, > 0. It is known that the Lebesgue space invariant with respect to this transformation plays a crucial role for the well-posedness of the Cauchy and remarks that the integral operator MðuÞðtÞ ¼ R t 0 e ðtÀsÞÁ juj uðsÞ ds is continuous on the space C ½0, T, L p ðR n Þ ð Þand it is a contraction for T small enough. The critical case p ¼ n=2, p ! þ 1 is more delicate. For p ¼ n=2, p > þ 1 uniqueness still holds in C ½0, T, L p ðR n Þ ð
Þaccording to a result of Brezis and Cazenave (2) . In this case the integral operator M is no more continuous on C ½0, T, L p ðR n Þ ð Þ . Furthermore, if u 2 L p ðR n Þ then the non-linear term juj u belongs to L 1 ð½0, T, L p=ðþ1Þ ðR n ÞÞ with p=ð þ 1Þ > 1. By an argument similar to that used by Meyer (4) to give an alternative 186 TERRANEO proof of uniqueness for L 3 ðR 3 Þ mild solutions of the Navier-Stokes system, one can prove that the non-linear operator M is continuous on L 1 ð½0, T, L p,1 ðR n ÞÞ and obtain uniqueness in C ½0, T, L p ðR n Þ ð Þ . In the remaining critical case p ¼ n=2 ¼ þ 1, (i.e. p ¼ n=ðn À 2Þ and ¼ 2=ðn À 2Þ, n ! 3) this argument does not work because the non-linear term belongs to L 1 ð½0, T, L 1 ðR n ÞÞ. The main result of this paper is that in this case we have non-uniqueness of mild solutions in Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ for the Cauchy problem
Indeed, we extend to R n a counter-example of Ni and Sacks (5) in the particular case where the underlying space is the ball of center 0 and radius 1 (see also (6) , where the ball is replaced by a regular bounded open set).
Before coming to the precise statement of our results we recall the theorem of existence of a mild solution u 2 Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ, n ! 3, due to Weissler (1) . As before we consider the equivalent integral formulation uðtÞ ¼ e tÁ u 0 þ Z t 0 e ðtÀsÞÁ juj 2=ðnÀ2Þ uðsÞ ds and we denote by NðuÞðtÞ the integral non-linear operator R t 0 e ðtÀsÞÁ juj 2=ðnÀ2Þ uðsÞ ds. The technique to find mild solutions is then a fixed point algorithm in Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ, for some T > 0. To this end Weissler considers the recursive suite u ð0Þ ¼ e tÁ u 0 and u ðnÞ ¼ e tÁ u 0 þ Nðu ðnÀ1Þ ÞðtÞ, n ! 1 and he analyzes its convergence in Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ. The integral operator N is not continuous on Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ. In spite of this, he remarks that the first term of the suite belongs to the subspace C ½0, T, ð L n=ðnÀ2Þ ðR n ÞÞ of functions such that sup 0<t<T t kuðtÞk L p < þ1 and lim t!0 t kuðtÞk L p ¼ 0 for a real p: n=ðn À 2Þ < p < n 2 =ðn À 2Þ 2 and ¼ n=2ððn À 2Þ=n À1=pÞ. In this particular subspace the integral operator N is continuous and so he proves the theorem:
There exist a constant T ¼ Tðu 0 Þ and a unique function u 2 Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ such that
By the regularizing properties of the heat kernel the solution can also be proved to belong to L 1 loc ð0, T, L 1 ðR n ÞÞ and so by a standard computation
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to be a classical solution. Concerning uniqueness Brezis and Cazenave (2) prove:
n ÞÞ, n ! 3:
Weissler's result is actually stated in the general setting where the underlying space is a domain O of R n . In Brezis and Cazenave's paper the result of Theorem 0.4 is proved in the case where the underlying space is a smooth bounded domain O of R n . However, a similar proof leads to the result in R n .
The existence time T of the solution in Theorem 0.3 may be finite for initial data large enough (see (3, 7, 8) . Moreover, under particular conditions on the initial data the L p norm of the solution blows up when t ! T max (2, 9) . On the other way, when initial data are small in an appropriate Besov norm, Ribaud (10, see also 8) shows that the solution exists globally in time.
Finally, see Oru (11) for a relation in terms of Besov norm between the conditions on initial data ensuring global existence or blow-up in finite time of the solution.
As mentioned above we shall prove that uniqueness is lost if we drop the a priori condition to be in L 1 loc ð0, T, L 1 ðR n ÞÞ. A similar result is already known in the case where the underlying space is the ball Bð0, 1Þ & R n of center 0 and radius 1 and it is due to Ni and Sacks (5) . In fact, they establish the existence of a singular positive solution of the stationary equation ðBð0, 1ÞÞ and a constant T ¼ TðU 0 Þ > 0 such that the problem
has at least two solutions in Cð½0, T, L n=ðnÀ2Þ ðBð0, 1ÞÞÞ.
The proof follows easily by choosing as initial data the singular solution U 0 of the stationary equation (obtained in Theorem 0.5). In fact, the theory of existence of Weissler (see remarks after Theorem 0.4) provides a constant
, 1ÞÞÞ such that Uð0Þ ¼ U 0 . Moreover, the constant function VðtÞ ¼ U 0 belongs to Cð½0, T, L n=ðnÀ2Þ ðBð0, 1ÞÞÞ and it is also a solution of (5), it is unbounded and so it does not coincide with UðtÞ.
A direct extension of this result to R n is not possible. In fact Gidas and Spruck (13) prove that singular positive solutions belonging to C 2 ðR n n f0gÞ of the stationary equation ÁU þ U n=ðnÀ2Þ ¼ 0 in R n do not exist. In spite of this, we build up for particular singular data a singular (nonstationary) solution, which is not equal to the solution obtained by Weissler.
Theorem 0.7. Let n ! 3. There exists a function u 0 2 L n=ðnÀ2Þ ðR n Þ, u 0 ! 0, verifying the following conditions:
in a neighborhood of the origin;
Moreover, there exist T 0 > 0 and wðtÞ 2 Cð½0, T 0 , L n=ðnÀ2Þ ðR n ÞÞ such that @ t w ¼ Áw þ w n=ðnÀ2Þ , wð0Þ ¼ u 0 and kwðtÞk L p,1 ¼ þ1 for a p 2n=ðn À 2Þ, n 2 =ðn À 2Þ 2 ½and for every 0 < t < T 0 :
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We remark that wðtÞ is not bounded for t 20, T 0 ½ (if not, by real interpolation it would be in L p,1 , for every p > n=ðn À 2Þ in contradiction with the statement of Theorem 0.7).
Later on Pacard (14) suggested a way of constructing singular stationary solutions which have a non constant sign and which will provide in a more direct way a counter-example to uniqueness.
Theorem 0.8. Let x 0 ¼ ð1, . . . , 1Þ. There exists a solution w 2 C 2 ðR n n fÀx 0 , x 0 gÞ \ L n=ðnÀ2Þ ðR n Þ of equation
such that lim sup x!x 0 wðxÞ ¼ þ1 and lim inf x!Àx 0 wðxÞ ¼ À1.
As an easy corollary of Theorem 0.7 (or Theorem 0.8) we prove that there is non-uniqueness of mild solutions in Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ, n ! 3:
Corollary 0.9. Let n ! 3. There exist a function u 0 2 L n=ðnÀ2Þ ðR n Þ and a positive constant T ¼ Tðu 0 Þ such that (2) has at least two solutions in Cð½0, T, L n=ðnÀ2Þ ðR n ÞÞ of initial data u 0 .
Finally, we shall propose a criterion of uniqueness. The central idea is to impose some extra conditions on the non-linear term uðtÞ À e tÁ u 0 which enable us to overcome the lack of regularity (due to fact that juj 2=ðnÀ2Þ u 2 L 1 ð½0, T, L 1 ðR n ÞÞ) and to obtain uniqueness. This condition was inspired by recent results in the Navier-Stokes context (15) (and also for the Schro¨dinger equation 16), obtained by taking into account in a different way the contribution of the linear term e tÁ u 0 and of the non-linear term uðtÞ À e tÁ u 0 . Moreover we shall see that the imposed extra conditions are optimal (in a sense which will be later clarified) with respect to the given counter-examples and they are satisfied by Weissler (2), associated with the same initial data u 0 and such that uðtÞ À e tÁ u 0 and vðtÞ À e tÁ u 0 belong to C ½0, T½, ð L n=ðnÀ2Þ,2=ðnÀ2Þ ðR n ÞÞ, then uðtÞ ¼ vðtÞ for every t 2 ½0, T½.
We recall that L n=ðnÀ2Þ,2=ðnÀ2Þ ðR n Þ is a Lorentz space, whose definition will be presented in Section 1. We end the introduction by remarking that in dimension n ¼ 3 the non-linear heat equation has the same scaling as the Navier-Stokes system. Moreover if the initial data belong to For the sake of simplicity in the following we will omit the underlying space R n . The results of Theorems 0.7 and 0.10 have already been announced in a Note of the C.R.A.S. (19).
HEAT KERNEL AND LORENTZ SPACES
At first, we remember the definition and some properties of Lorentz spaces L p,q (cf. (20) (21) (22) ).
Here, we have denoted by f Ã the decreasing rearrangement function of f , defined for t > 0 by
p,q and so L p,q are quasi-normed spaces. They also are complete spaces.
A useful equivalent definition of Lorentz spaces is provided by real interpolation theory (20) .
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This shows in particular that L p,q ¼ ½L 1 , L 1 1À1=p,q for 1 < p < þ1, 1 q þ1 and so it is a Banach space. In the particular case p ¼ q the Lorentz space L p,p coincides with the Lebesgue space
The definition of Lorentz spaces by real interpolation gives also a characterization of L p,1 , 1 < p < þ1 via an atomic decomposition:
The proof of the proposition 1.4 follows by using the discrete J-method of real interpolation (20) . Finally, the dual space of
we introduce some properties of the heat kernel in Lorentz spaces due to Meyer (4) (23)). We consider then the following weaker property. Let
In fact one rewrites the integral operator in the form g ðtÞ ¼ R t 0 e ðtÀsÞÁ ðÀÁÞ1= ððÀÁÞ 1À Þ f ðsÞ ds, and uses the maximal regularity L q ðL p Þ of the heat kernel. This property even holds in the limit case We stress that ¼ 1 does not verify the hypotheses of the proposition.
where the constant C depends neither on t nor on ' 2 L r 0 ,1 . We remember
By convexity we need only to verify (9) for an atom a with a constant C independent from the chosen atom. By using the fact that ðL
Now, thanks to a change of variables we have to evaluate
We decompose the integral in
where A > 0 will be chosen in a moment. By using the hypothesis that a 2 L 1 \ L 1 , for " > 0 small enough and r 00 > r > r 000 > 1 such that 1=p 0 ¼ 1=r 00 À ð2ð1 À Þ À 2"Þ=n and 1=p
:
where the constant C does not depend on the chosen atom. u
EXISTENCE OF A SINGULAR (NON-STATIONARY) SOLUTION
In this section we prove Theorem 0.7. At first we introduce some continuity properties of an integral operator related to the non-linear operator N. We shall use here in a crucial way the result of proposition 1.5. By the way for the second (thanks to positivity of the heat kernel) we can write:
By using the following inequality established in proposition 1.5
for every f 2 L 1 ð½0, T, L np=ðnþ2pÞ, 1 Þ, we can conclude that
Finally, using the regularizing properties of the heat kernel by standard arguments (4) we have that Gðv, vÞðtÞ belongs to Cð½0, T, L n=ðnÀ2Þ Þ. u Proof 3. (Proof of Theorem 0.7.) We shall proceed in two steps.
First
Step. First we prove the existence of data verifying (6), (7) . Let U 0 2 C 2 ðBð0, 1Þ nf0gÞ \ L n=ðnÀ2Þ ðBð0, 1ÞÞ, U 0 ðxÞ $ ððÀ log jxjÞ ÀðnÀ2Þ=2 Þ=ðjxj nÀ2 Þ in a neighborhood of (0,. . .,0) be the solution of the stationary equation obtained by Ni and Sacks (see Theorem 0.6) and ! 2 C supp ! & Bð0, 1=2Þ. We define u 0 ¼ !U 0 . It is clear that u 0 2 L n=ðnÀ2Þ and it satisfies (6) . Condition (7) can be verified directly by writing
because U 0 belongs to C 2 ðBð0, 1Þ n f0gÞ and Á!,r r!, ! n=ðnÀ2Þ À ! vanish in a neighborhood of the origin (where ! 1) and in the complement of Bð0, 1=2Þ.
Second
Step: After that we look for solutions of the type !ðtÞ ¼ u 0 þ vðtÞ (This idea was inspired by the work of Mazzeo and Pacard (6)). This is equivalent to search for solutions v 2 Cð½0, T, L n=ðnÀ2Þ Þ of the perturbed equation 
In order to find a fixed point of the operator F we analyze the convergence of the recursive suite
By using the properties of the integral operator introduced in Lemma 2.1 it is easy to verify that for well chosen T 0 and the suite v ðnÞ converges to a fixed point in the complete metric space: inequalities (10) and (11) 
Thanks to the decomposition u 0 ¼ " u u 0 þ , with 2 L 1 and " u u 0 L n=ðnÀ2Þ < , for > 0 (that will be chosen in a moment) we have
So, for every vðtÞ 2 E T 0 , we have obtained that
TERRANEO
In 
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ORDER REPRINTS
The
! conditions (15) and (17) are satisfied and the operator F is a contraction in E T 0 , ; then a unique fixed point vðtÞ 2 E T 0 , exists. u
EXISTENCE OF A SINGULAR STATIONARY SOLUTION OF @ t w ¼ Áw þ jwj w
We prove here Theorem 0.8 which establishes the existence of a singular stationary solution for the parabolic equation @ t w ¼ Áw þ w j j w . This example will provide another way to prove non-uniqueness of mild solutions to (2) for particular singular data (see corollary 0.9). For later use we begin by introducing an indexed family C of Banach space and some properties of the integral operator Definition 3.1. Let 1 À n < < 2 À n, 2 À n < < 0, n ! 3. We denote C the set of functions f 2 CðR n n fÀx 0 , x 0 gÞ such that there exists a constant C > 0: sup jxj!4 jxj À j f ðxÞj C, sup jxÀx 0 j 1 jx À x 0 j À j f ðxÞj C and sup jxþx 0 j 1 jx þ x 0 j À j f ðxÞj C:
TERRANEO
It is easy to verify that
Þ is a Banach space. The integral operator L has the following property: Lemma 3.2. Let n ! 3, 2 À n < < 0 and 1 À n < < 2 À n. Then there exists a constant C > 0 such that for every odd function f 2 C 
Proof 4. (Proof of Lemma 3.2.) It is easy to see that Lð f ÞðxÞ verifies
ÀÁLð f Þ ¼ f in distributions and belongs to CðR n n fÀx 0 , x 0 gÞ.
Now we prove that Lð f ÞðxÞ is bounded in Bðx 0 , 1Þ by Cjx
, for a constant C big enough and independent from f . Since 2 À n < < 0 by a direct computation we have that Áðjx À x 0 j Þ À C 1 jx À x 0 j À2 < 0, with
the function C 2 jx À x 0 j À Lð f ÞðxÞ is superharmonic for instance in Bðx 0 , 3=2Þ, since
Furthermore since sup jxÀx 0 j¼1 Lð f ÞðxÞ
(where C 3 is independent from f ) we have also inf jxÀx 0 j¼1 ðC 2 jx À x 0 j À Lð f ÞÞ ! 0 if
, where C ¼ maxðC 3 , 1=C 1 Þ, thanks
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to the minimum principle for superharmonic functions we obtain
By a similar computation we also have
By the two estimates (18), (19) we conclude that
We come now to analyze the decay property of Lð f ÞðxÞ at infinity. Let jxj ! 4. We consider an even function 2 C 
For the second integral we need another decomposition. For the sake of simplicity we denote by gðxÞ the function ð1 À ðxÞÞ f ðxÞ and we remember that g 2 CðR n Þ, gðxÞ ¼ 0 in Bð0, 3Þ and jgðxÞj k f k C À2 À2 x j j À2 , for every x 2 R n . Let be an even, non-negative function belonging to C 1 0 , such that ð yÞ ¼ 1 if j yj 1 and ð yÞ ¼ 0 if j yj ! 2. We consider then Lð R gÞðxÞ where R ðxÞ ¼ x=R ð Þ. Using the same calculation as before we obtain for jxj ! 4
Since jLð R gÞðxÞj Ck f k C
À2 À2
for jxj 4, the inequality (20) holds in fact for every x 2 R n different from 0. We argue now by contradiction in order to set that C R is independent from R and we shall conclude by the dominated convergence theorem that jLðgÞðxÞj Ck f k C À2 À2 jxj :
TERRANEO
By contradiction suppose that jLð R gÞðxÞjjxj À is not bounded if R goes to infinity. Then a suite ðR i Þ i2N such that R i ! þ1 and sup R n jLð R i gÞ ðxÞjjxj À ¼ M i ! þ1 if i ! þ1 exists. Moreover, for every i 2 N there exists a finite x i such that M i ! jLð R i gÞðx i Þjjx i j À > M i =2. It is easy to remark that in every compact of R n the function Lð R gÞðxÞ is bounded uniformely with respect to R and to x and so that jx i j ! þ1 if i ! þ1. We consider then the transformation
The new suite of functions ! i is such that
and by defining
. Since ! i and h i are equibounded and equicontinues, by using AscoliArzela's theorem we have that ! i ðxÞ converge to ! 2 CðR n n f0gÞ uniformely in every fixed compact which does not contain the origin. We also have that ! 6 0 (because w i ðx i =jx i jÞ ! 1=2 and so there exists at least a suite x i j such that ðx i j =jx i j jÞ !x x and ! i j ðx i j =jx i j jÞ ! !ðx xÞ ! 1=2), Á! ¼ 0 for x 6 ¼ 0 and j!ðxÞj Cjxj . We prove now that this cannot happen. Let ' j ðÞ j2N the orthonormal basis of
¼ 0 which can be written by using decomposition (21):
We remember that solutions of (22) 
In order to do this we define
where U 0 is the Ni and Sacks' solution and 2 C (25) can easily be proven by using the property that U 0 is a solution of the elliptic equation (3) and estimate (4).) Since U 0 is a solution of ÁU þ U n=ðnÀ2Þ ¼ 0 in Bð0, 1Þ, for every x 2 Bðx 0 , 1Þ we have:
A similar computation holds when x 2 BðÀx 0 , 1Þ. Thus f " 2 C 1 ðR n Þ and it has compact support contained in the union of two annuli Cðx 0 , 1=8, 1=2Þ and CðÀx 0 , 1=8, 1=2Þ. By applying properties (25) and (4) for U 0 and for U 0 0 and since f " has compact support in the union of two annuli centered in x 0 and Àx 0 we have for " small enough
Step. Then we look for unbounded solutions wðxÞ 2 C 2 ðR n n fÀx 0 , x 0 gÞ \ L n=ðnÀ2Þ ðR n Þ of the form wðxÞ ¼ u " ðxÞ þ vðxÞ. Since u " satisfies (24) a way to solve the problem is to search solutions vðxÞ of the perturbed equation
which blow up at Àx 0 and x 0 less rapidly than u " in order to preserve singularity at Àx 0 and x 0 . The idea is then to look for solutions vðxÞ in C
. Indeed, if v is a solution of (26) belonging to C we shall show that v 2 C 2 ðR n n fx 0 , Àx 0 gÞ \ L n=ðnÀ2Þ and so the same is true for wðxÞ.
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Moreover, since > 2 À n we have
and liminf x!Àx 0 wðxÞ liminf
In order to find a solution vðxÞ 2 C of Eq. (26) we begin by remarking that ju " þ vj
we have
The first inequality follows from sup jxj!4 jxj Àþ2 vðxÞ 2=ðnÀ2Þ jwðxÞj sup
Àþ2 vðxÞ 2=ðnÀ2Þ jwðxÞj
and a similar estimation in a neighborhood of Àx 0 . In order to prove inequality (28), we remember that u " has compact support in
TERRANEO
BðÀx 0 , 1=2Þ [ Bðx 0 , 1=2Þ and so we have
Since u " is bounded in Bðx 0 , 1=2Þ by a constant times ððÀ log "jxÀ x 0 jÞ ÀðnÀ2Þ=2 Þ=jx À x 0 j nÀ2 we obtain
and a similar estimate holds in a neighborhood of Àx 0 . Finally, since f " has compact support in CðÀx 0 , 1=8, 1=2Þ [ Cðx 0 , 1=8, 1=2Þ we have
Therefore by applying Lemma 3.2 every odd solution v 2 C of (26) is also a solution of
ju " ð yÞ þ vð yÞj 2=ðnÀ2Þ ðu " ð yÞ þ vð yÞÞ À ju " ð yÞj 2=ðnÀ2Þ u " ð yÞ þ f " ð yÞ dy ð30Þ and conversely. It is then enough to establish the existence of an odd solution of (30) in C . We shall proceed by a fixed point algorithm. We denote by F " ðvÞðxÞ the integral operator in (30). Then we consider the complete metric space
with dðu, vÞ ¼ ku À vk C and we prove that for " and R small enough F " is a contraction in X R . We begin by writing condition on R and " such that
and so applying (27), (28), (29) and Lemma 3.2 we obtain
we have F " ðX R Þ ¼ X R . Then we look for R and " such that F " is a contraction in X R . By applying Lemma 3.2 we have:
then F " is a contraction in X R . By choosing for instance " and R such that 2Ck (2) with initial data u 0 which does not belong to L 1 for t 2 0, T 0 ½. In fact, the solution wðtÞ is not bounded for any t 2 0, T 0 ½, because if not, by real interpolation wðtÞ would belong to L p,1 for every t 2 0, T 0 ½ and every n=ðn À 2Þ < p < n 2 =ðn À 2Þ 2 , in contradiction with the result of Theorem 0.7. Therefore uðtÞ does not coincide with wðtÞ.
Another proof of corollary 0.9 can be obtained by choosing as initial data the singular stationary solution wðxÞ obtained in 0.8 and by the same argument as in Ni and Sacks' corollary 0.6. At first we prove the theorem. is given by real interpolation between L 1 and L q , for a q 2 n=ðn À 2Þ, þ1 [ and so it can be characterized in the following way: for every f belonging to L n=ðnÀ2Þ, 2=ðnÀ2Þ . In order to compute the decreasing rearrangement function of j f j 2=ðnÀ2Þ , we determine the distribution function of j f j 2=ðnÀ2Þ :
Afterwards we consider ðj f j 2=ðnÀ2Þ Þ Ã ðtÞ ¼ inffs > 0: j f j 2=ðnÀ2Þ ðsÞ tg ¼ inffs > 0: f ðs ðnÀ2Þ=2 Þ tg and since inffs > 0: f ðs ðnÀ2Þ=2 Þ tg ¼ inff" s s > 0: f ð" s sÞ tg 2=ðnÀ2Þ we have ðj f j 2=ðnÀ2Þ Þ Ã ðtÞ ¼ ð f Ã Þ 2=ðnÀ2Þ ðtÞ for t > 0. Since f 2 L n=ðnÀ2Þ, 2=ðnÀ2Þ we can then conclude that
and so that kj f j 2=ðnÀ2Þ k We end this section by proving that the singular solutions constructed in Sections 2 and 3 do not verify the hypotheses of Theorem 0.10.
Propositon 5.4. The singular solution wðtÞ constructed in Theorem 0.7 of initial data u 0 is such that for every t 2 0, T 0 ½the term wðtÞ À e tÁ u 0 ¼ vðtÞ þ u 0 À e tÁ u 0 belongs to L n=ðnÀ2Þ, 2=ðnÀ2Þ þ , for every > 0 but it does not belong to L n=ðnÀ2Þ, 2=ðnÀ2Þ .
Proof 10. We remember that wðtÞ ¼ u 0 þ vðtÞ where vðtÞ 2 L p,1 and u 0 ¼ U 0 ! (U 0 is Ni and Sacks' solution and ! is a cut-off function with support in Bð0, 1=2Þ and ! ¼ 1 in a neighborhood of the origin). It is easy to see that e tÁ u 0 belongs to L 1 \ L p for every t > 0 and that vðtÞ belongs to L 1 \ L p,1 . By interpolation we have then that e tÁ u 0 and vðtÞ belong to L n=ðnÀ2Þ, 2=ðnÀ2Þ for every t 2 0, T 0 ½. So in order to prove proposition 5.4 we need only to verify that u 0 6 2 L n=ðnÀ2Þ, 2=ðnÀ2Þ but u 0 2 L n=ðnÀ2Þ, 2=ðnÀ2Þ þ , for every > 0. Moreover, since U 0 belongs to C 2 ðR n n 0Þ, we are concerned only with the behavior of u 0 at 0. So, it will be enough to prove that the decreasing rearrangement function of f ðxÞ ¼ ððÀ log jxjÞ ÀðnÀ2Þ=2 Þ=jxj nÀ2 in Bð0, 1=eÞ is f Ã ðtÞ ¼ ððÀ logðt=c n Þ 1=n Þ ÀðnÀ2Þ=2 =ðt=c n Þ ðnÀ2Þ=n if t < c n =e n and f Ã ðtÞ ¼ 0 if t ! c n =e n , where c n is the measure of the unit ball R n . c n e n if 0 < s < e nÀ2 :
> < > :
Finally we have that f Ã ðtÞ ¼ inffs > 0: f ðsÞ tg is 0 if t ! c n =e n and it is " s s with ð" s sÞ ¼ ðt=c n Þ 1=n if t < c n =e n and so f Ã ðtÞ ¼ ðÀ logðt=c n Þ 1=n Þ ÀðnÀ2Þ=2 = ðt=c n Þ ðnÀ2Þ=n for t < c n =e n . u
